We present a comparative ab initio study of Li, Na, and Mg storage in tin, including phononic effects and phase competition between α and β Sn. Mg doping at low concentration is found to stabilize the β phase. On the contrary, Li and Na doping is shown to reverse the stability of the phases at room temperature: Li/Na-doped α-Sn is more stable than Li/Na-doped β-Sn up to a temperature of around 380/400 K. This may rationalize the formation of α-Sn upon lithiation and delithiation of β-Sn anodes reported in experimental studies. The changes in phase stability with Li/Na/Mg doping are directly related to the intercalation energies of Li/Na/Mg in one phase versus the other: at 300 K, Li/Na is easier intercalated in α-Sn (-0.37/-0.08 eV) than in β-Sn (0.06/0.49 eV), while Mg intercalation energy is, although positive (i.e. unfavored intercalation), lower in β-Sn (0.53 eV) than in α-Sn (0.66 eV). The temperature effect is found to affect significantly the intercalation energy, by up to 0.13 eV at 300 K. Analysis of diffusion barriers shows that Li, Na, and Mg diffusion in β-Sn is anisotropic with migration barriers along the (001) direction (respectively 0.01, 0.22, and 0.07 eV) significantly lower than those in α-Sn (respectively 0.20, 0.52, and 0.40 eV).
I. INTRODUCTION
The development of more efficient electrochemical batteries is highly desired, driven in particular by the demand for ever smaller and lighter electronic devices, but also due to a widespread use of hybrid electrical vehicles and of renewable electricity -coming from clean but intermittent solar and wind energies.
1,2 Li-ion batteries are, as of today, the electrochemical battery technology providing the highest energy density and the only one widely commercialized. 3 However, Li resources are limited 4, 5 and geographically localized. 6, 7 There is a need to develop better Li-ion but also post-Li-ion batteries, such as Na-and Mg-ion batteries. [8] [9] [10] Among the main technological challenges remains the development of efficient host materials to (de)intercalate the metal atoms at the negative electrode. [8] [9] [10] We focus here on Sn, which has been substantially investigated experimentally as a promising anode material for all Li-, Na-, and
Mg-ion batteries. [11] [12] [13] [14] Sn provides good theoretical capacities: 994 mAh/g for Li, 847 mAh/g for Na, and 903 mAh/g for Mg, which have been approached experimentally. [11] [12] [13] [14] Although Sn is a promising material, some of the very basic properties of Li, Na, and Mg storage in Sn remain unexplored and some of the phenomena observed during Li/Na/Mg (de)intercalation are still unexplained. In particular, while Sn is most stable at room temperature in the metallic β-Sn phase, the covalent α-Sn phase has been reported to form upon lithiation and delithiation of β-Sn based anodes, and eventually to become dominant after a number of cycles. [15] [16] [17] [18] The mechanism of formation of the alpha phase during Li intercalation and de-intercalation in β-Sn based anodes is still not fully understood. The transition temperature between β-Sn and α-Sn is 286 K (13°C), 19 α (β)-Sn being more stable below (above) 286 K. Because the transition temperature is very close to the room temperature, the energy difference between the two phases at room temperature is tiny (about 0.001 eV per atom as computed here), and any external perturbationsuch as Li/Na/Mg doping -can possibly lead to a phase competition between alpha and beta phases. Density functional theory (DFT) calculations investigating the effect of Li doping on the alpha-beta phase stability have been performed in previous studies. 18, 20 However, sometimes opposite results were reported for DFT calculations. Im et al. show that Li doping stabilizes the beta phase, 18 whereas the results of Kaghazchi suggest that Li doping stabilizes the alpha phase. 20 Therefore, it remains unclear whether Li doping may be the cause of the formation of the α-Sn phase during lithiation and delithiation, and which phase of Sn is thermodynamically stable with Li doping. Moreover, there is to the best of our knowledge no single study on the effect of Na doping on the relative alpha-beta phase stability of Sn. However, the effect of Li, Na, and Mg doping on the relative stability of the two phases is critical because the phases present will determine the storage energetics (i.e. voltages) as well as the Li, Na, and Mg diffusion rate (i.e. charge/discharge rate) in battery practical electrode materials.
Previous calculations of Li (and Mg) insertion in Sn 18, [20] [21] [22] [23] ignored the vibrational contributions which are critical for phase stability and can also have a significant impact on storage properties. We also note that while Mg insertion in Sn has been studied by DFT, 21 the diffusion of Mg in β-Sn has not been considered along the (001) direction, while it is the one providing the lowest migration barrier for Li. 22 In addition, an ab initio study of Na insertion in β-Sn remains, to the best of our knowledge, absent from the literature: the insertion energetics as well as the migration barriers remain unknown.
Therefore, even the very basic and upstream questions remain not properly answered (at room temperature) and would change the diffusion rate by orders of magnitude.
Therefore, a truly comparative study is required.
Here, we endeavour to answer these questions in a systematic and first truly comparative ab initio study of all Li, Na, and Mg in α-and β-Sn. We study the relative stability of the Li/Na/Mg-doped α-and β-Sn as well as the intercalation energies of Li/Na/Mg in the two phases of Sn, including phononic contributions. We also investigate Li, Na, and Mg diffusion in α-and β-Sn, which is critical for understanding the charge/discharge rate of tin-based battery electrodes.
II. METHODS
All calculations were performed using DFT with a plane basis set as implemented in the Vienna ab initio package (VASP) 26 . To describe electron-ion interactions, we applied the projector augmented wave (PAW) method. 27 The valence electrons considered were 2s 1 for Li, 3s 1 for Na, 3s 2 for Mg, and 5s 2 5p 2 for Sn. The effect of the addition of the 4d
Sn electrons to the valence shell was found to be insignificant. To describe the electron exchange correlation, we applied the generalized gradient approximation using the Perdew-Burke-Ernzerhof (PBE) functional. 28 The plane wave basis was used with an energy cutoff of 300 eV. We have confirmed that the increase of the energy cut-off does not affect the results. We used 64-atom cells to model the α-and β-Sn phases, which correspond to 2×2×2 and 2×2×4 supercells, respectively. 4×4×4 and 8×8×8 Г-centered
Monkhorst-Pack meshes 29 were used for the k-point sampling of the Brillouin zone integration for α-and β-Sn, respectively. The different k-point sampling is used due to the metallic nature of β-Sn requiring a much denser k-point grid for energy convergence.
Atomic coordinates and cell vectors were optimized until the forces on atoms were below 0.01 eV/Å. The lattice constants of α-and β-Sn were 6.65 and 5.93 Å, respectively, and the (electronic) energy difference between the phases 0.04 eV per atom, in good agreement with available data. 30 Diffusion barriers were computed with the nudged elastic band method. 31 To compute the migration energies in β-Sn, we first identified the transition state with constrained optimization by using 8 images, a 250 eV plane wave cutoff, and a 4×4×4 k-mesh for the Brillouin zone sampling. In a second step, we further recomputed the configuration found at the extremum of the energy curve (by interpolation) by using the very accurate setup described above (i.e. a 300 eV cutoff and a 8×8×8 k-mesh for the Brillouin zone sampling). Yet, for Mg diffusion along the (001) direction in β-Sn, a lowering in energy (of around 0.03 eV) was found at the transition state due to reorganization of some Sn atoms because of inter-cell dopant-dopant interaction along the (100) direction. The transition site was thus re-optimized by fixing along the (001) direction two Sn atoms located at 4.9 Å from the Mg transition site. In α-Sn, we directly optimized the transition state with the 300 eV cutoff and a 4×4×4 k-mesh, the transition site being known in the diamond structure. 20, 21, 32 To investigate the temperature effect, we used density functional perturbation theory (DFPT) 33 . Because of computational cost of DFPT calculations, we reduced the k-mesh sampling for β-Sn from 8×8×8 to 4×4×4. The phonon frequencies were obtained by using the PHONOPY code 34 together with a 40×40×40 k-mesh sampling. We applied the harmonic approximation, but not without first confirming that very similar results are obtained with the quasi-harmonic approximation.
The effect due to the zero-point energy (ZPE) and to finite temperature was considered by computing the contributions arising from the vibrational energy and entropy 30 :
where ν i is the energy of one quantum in the i th normal mode, k B is be Boltzmann constant, k is the wave vector, T is the temperature, and S vib is the vibrational entropy.
Adding these vibrational contributions to the DFT ground state energy E DFT gives the Helmholtz free energy of the system F:
To reproduce the transition temperature between α-and β-Sn (~290 K), which is highly dependent on the difference in DFT ground state energies between the two phases (E DFT beta -E DFT alpha ), we applied a correction of 0.013 eV per atom to the β-Sn's E DFT .
The energetics of Li, Na, and Mg insertion in alpha-and beta-Sn were analyzed based on the defect formation energies (intercalation energies) E f :
where M stands for the inserted metal (M=Li/Na/Mg), n is the number of metal atoms inserted, E(Sn-M) designates the energy of the Li/Na/Mg-inserted Sn structures, E(Sn) represents the energy of the pure Sn phases (α-and β-Sn), and E(M) represents the energy of one atom of Li/Na/Mg in bulk (i.e. bcc Li/Na and hcp Mg). The metal reference states of Li, Na, and Mg were computed using unit cells together with a 500 eV plane wave cutoff and a 20×20×20 kmesh sampling for the Brillouin zone. The phonon calculations were carried out on supercells of size of about 10×10×10 Å with a 300 eV plane wave cutoff and 6×6×6 (8×8×8) k-mesh for Li/Na (Mg).
III. RESULTS AND DISCUSSION

A. Insertion sites
In the diamond structure of α-Sn, Li, Na, and Mg insert at the tetrahedral site (see Fig.   1 (a)), similarly to Li insertion in Si. 32 The Li/Mg/Na-Sn bonds in α-Sn are found to be 2.96/3.00/3.03 Å (3.34/3.35/3.36 Å) for the first (second) coordination sphere, in agreement with previous studies. 20, 21 In β-Sn, the unit cell was screened to identify the insertion sites of Li, Na, and Mg. The screening was done using a grid with a resolution of ~0.75 Å along the (100) and (010) 
B. Insertion energetics
The defect formation energies of Li, Na, and Mg in the two phases of Sn are given in insertion computed here may explain the front between a doped and an undoped phase which was observed upon Na insertion in β-Sn. 35 Even though all defect formation energies are positive, the value is significantly lower for Li than for Na/Mg, suggesting that Li insertion in β-Sn is easier than that of Na/Mg. In α-Sn however, the defect formation energies for Li and Na insertion are lower than in β-Sn and negative. This indicates that single Li/Na dopant insertion in α-Sn is both easier than in β-Sn and favored versus Li/Na metal formation. For Mg, however, the defect formation energy is even higher in α than in β-Sn, suggesting a thermodynamically unfavored single Mg atom insertion in both phases. The highly positive E f for Mg in both phases of Sn suggests that the Sn-based anodes reported for Mg-ion batteries 14 do not operate by single atom Mg insertion and diffusion. Therefore, interfacial reactions and second phase formation might be necessary for Mg storage in Sn, possibly imposing the low charge/discharge rate reported. 14 The E f of Na insertion in β-Sn is also highly positive, suggesting that during the first cycles (and as long as there is no α-phase formed), the same issues as described above for Mg may be expected.
Insertion of multiple Li/Na/Mg atoms (i.e. 2, 4, and 8 dopants) was also performed in the 64-atom cells of α and β-Sn. Among the many possible configurations, we considered the configurations maximizing inter-distance dopants. We confirmed that well-dispersed configurations are indeed the lowest energy configurations in α-Sn. They are however not the lowest energy configurations in β-Sn. While computing all configurations for all concentrations is impractical, we considered a dozen configurations for the insertion of 2
Li/Na/Mg atoms, to evaluate the difference in energy that can exist between the welldispersed configurations and the lowest energy configurations. The defect formation energies computed are given in Table II To understand the difference in insertion energetics among different dopant types (Li/Na/Mg) and the host phases (α-/β-Sn), we computed (i) the charge donated per dopant atom to the Sn framework, by using the Bader 36 method, and (ii) the so-called strain energies 37 computed as follows:
where
is the energy of the Sn framework when accommodated to host a dopant atom, and 64 is the energy of the ideal Sn structure. The Bader charges and the strain energies are given in Table I . The Bader charges are generally used to assess the strength of the ionic interaction between the dopant atom and the host structure; the larger the donated charge (from the dopant atom to the host) the stronger the interaction. Our results show that, indeed, the order of the donated charges between the phases fits relatively well with that of the defect formation energies, even though the differences in Bader charges between α-Sn and β-Sn remain small (even negligible for Mg). The strain energies can be used to assess the energy cost of dopant insertion because of the stress generated on the host structure to accommodate the dopant. Higher strain energies are computed for Na and Mg compared to Li, likely associated to the larger size of Na and bivalency of Mg. The results show that these higher strain energies for Na and
Mg correspond to higher defect formation energies (i.e. weaker intercalation energies)
versus that of Li. 
C. Phononic effects
The energy difference between α-and β-Sn at room temperature is computed to be as tiny as 0.001 eV per atom. The temperature dependence of the Helmholtz free energies for pure and Li/Na/Mg-doped Sn is plotted in Fig. 3 . The Helmholtz free energies are offset by the value of (pure or doped) α-Sn at 0 K in order to highlight the effect due to finite temperature on the phase stability between α-and β-Sn. The comparison between the plots shows that Li and Na doping stabilizes the alpha phase at room temperature. The alpha phase is stable up to 380 K for Li and 400 K for Na (for x=1/64, x being the number of Li/Na dopant atoms per Sn atom). On the contrary, Mg doping stabilizes the β-Sn phase; it reduces the transition temperature by ~30 K (to ~260 K). This is a direct consequence of the lower (higher) E f for the insertion of Li/Na (Mg) in α-Sn versus β-Sn.
The stabilization of α-Sn with Li doping could rationalize the formation of α-Sn upon lithiation reported in experimental studies. [15] [16] [17] For Mg-ion batteries, to the best of our knowledge, the stabilization of α-Sn during the cycling was not observed experimentally, 14 which is consistent with our results. In Table III , we summarize the effect of temperature (for T = 300 K) on the defect formation energies for the insertion of Li/Na/Mg in α-and β-Sn. The change in the energies due to E vib -TS vib is found to be consistent with a previous study restricted to α-Sn 24 which used a very different computational setup (atom-centered bases and normconserving pseudopotentials 38 ). The results show that this effect due to the zero point energy and to finite temperature is not always negligible (i.e. does not always cancel out in energy differences): it is as high as 0.13 eV for Mg in α-Sn (cf. to k B T = 0.026 eV at 300 K). 
D. Migration barriers
In β-Sn, we investigated the (100) and (001) directions as potential migration pathways for Li, Na, and Mg (note that the (010) direction is equivalent to (100)). In the (100) direction, the migration barriers were found to be of 0.32 eV for Li, 0.35 eV for Mg, and 0.71 eV for Na. In the (001) direction, the migration barriers were found to be exceptionally small for Li: inferior to 0.01 eV, and relatively small for Mg (0.07 eV) and Na (0.22 eV). In the (001) direction, Li, Na, and Mg diffuses through a helix shape pathway, as presented in Fig. 2 and reported previously for Li. The points shown in Fig. 2 for the pathways in β-Sn are sites equivalent to those represented in Fig. 1 (given the symmetry of β-Sn). The Fig. 2 also shows that the helical shape of the pathway is more pronounced for Na than for Li and Mg.
The migration paths of Li, Na, and Mg in α-Sn are identical to the migration path of Li in Si 32 : diffusion happens between two tetrahedral sites via a hexagonal site. The barriers for Li, Na, and Mg in α-and β-Sn are given in Table IV . These results imply that Li, Na, Mg diffusion in beta Sn is anisotropic and with lowest migration barriers significantly lower than those in alpha Sn at the low metal concentration considered here. 
IV. CONCLUSIONS
The effect of Li, Na, and Mg doping on the phase stability between the α-and β-Sn is investigated in this study. β-Sn is computed to be more stable than α-Sn at room temperature by only 0.001 eV per atom. It is shown that Li and Na doping (at x=1/64, x being the number of Li/Na dopants per Sn atom) reverses the phase stability between the alpha and beta phases at room temperature. This may explain the formation of α-Sn reported in experiments upon lithiation and delithiation. Mg doping, on the opposite, stabilizes β-Sn at room temperature. The stabilization of α/β-Sn with metal doping is directly related to the Li/Na/Mg intercalation energies, lower in beta (alpha) for Li/Na (Mg) than in α-Sn (β-Sn). This also indicates that Li and Na insertion are easier in α-Sn (-0.37 and -0.08 eV) than in β-Sn (0.06 eV and 0.49 eV) while Mg insertion is easier in β-Sn (0.53 eV) than in α-Sn (0.66 eV).
The study also shows that the diffusion in β-Sn is anisotropic with the lowest migration barriers exceptionally small for Li (<0.01 eV) and relatively small for Mg (0.07 eV) and Na (0.22 eV), all significantly lower than those in α-Sn: 0.20 eV for Li, 0.40 eV for Mg, and 0.52 eV for Na.
The temperature effect on the insertion energetics was found to be as high as 0.13 eV for Mg in α-Sn, indicating that one should be cautious when neglecting the contributions arising from the vibrational energy and entropy.
